Abstract. The Hyers-Ulam stability of the Ordinary Differential Equations has been investigated and the investigation is ongoing. In this paper, by applying initial condition, we investigate the approximate solutions of the homogeneous and non-homogeneous linear differential equation in the sense of Hyers-Ulam-Rassias.
Introduction
In 1940, S. M. Ulam [25] gave a wide range of talk before a Mathematical Colloquium at the University of Wisconsin in which he presented a list of unsolved problems. It motivated the study of stability problems for various functional equations. Among the problem raised by S.M. Ulam, the following question is concerned about the stability of homomorphisms.
If the answer is affirmative, we say that the functional equation for homomorphisms is stable. In 1941, Hyers [5] was the first Mathematician, who brilliantly answered the question of Ulam by considering G 1 and G 2 to be Banach spaces. The result of Hyers is stated in the following celebrated Theorem. Theorem 1.2 (Hyers [5] ). Assume that G 1 and G 2 are Banach spaces. If a function f : G 1 → G 2 satisfies the inequality
for some ǫ > 0 and for all x, y ∈ G 1 , then the limit
exists for each x ∈ G 1 and A : G 1 → G 2 is the unique additive function such that
for all x ∈ G 1 . Moreover, if f (tx) is continuous in t for each fixed x ∈ G 1 , then A is linear.
Taking the above fact into account, the additive functional equation
is said to have Hyers-Ulam stability on (G 1 , G 2 ). In the above Theorem, an additive function A satisfying the inequality (1.3) is constructed directly from the given function f and it is the most powerful tool to study the stability of several functional equations. In course of time, the following Theorem is the Theorem formulated by Hyers was generalized by Aoki, Th. M. Rassias [3, 19, 20] , for additive mappings. There is no reason for the Cauchy difference f (x + y) − f (x) − f (y) to be bounded as in the expression of (1.1). Towards this point, in the year 1978, Rassias [20] tried to weaken the condition for the Cauchy difference and succeeded in proving what is now known to be the Hyers-Ulam stability for the Additive Cauchy Equation. This terminology is justified because the Theorem of Th.M. Rassias has strongly influenced Mathematicians studying stability problems of functional equation. In fact, Th. M. Rassias proved the following Theorem. [20] ). Let X and Y be Banach spaces. Let θ ∈ (0, ∞) and let
Theorem 1.3 (Rassias
for all x, y ∈ X, then there exists a unique additive mapping A : X → Y such that [14] ).
A generalization of Ulam's problem was recently proposed by replacing functional equations with differential equations: The differential equation
has the Hyers -Ulam stability if for a given ǫ > 0 and a function x such that
there exists a solution x a of the differential equation (1.6) such that
and lim
If we replace ǫ and K(ǫ) by φ(t) and ϕ(t), where φ, ϕ are appropriate functions not depending on x and x a explicitly, then we say that the corresponding differential equation has the generalized Hyers -Ulam stability or Hyers-Ulam-Rassias stability. Obloza seems to be the first author who has investigated the Hyers -Ulam stability of linear differential equations [15, 16] . Thereafter, In 1998, C. Alsina and R. Ger [2] were the first authors who investigated the Hyers-Ulam stability of the following differential equation x ′ (t) − x(t) = 0. They proved in [2] the following Theorem.
Theorem 1.4. Assume that a differentiable function f : I → R is a solution of the differential inequality
x ′ (t) − x(t) ≤ ǫ,
where I is an open sub interval of R. Then there exists a solution g : I → R of the differential equation x ′ (t) = x(t) such that for any t ∈ I, we have,
This result of C. Alsina and R. Ger [2] has been generalized by Takahasi [24] . They proved in [24] that the Hyers-Ulam stability holds true for the Banach Space valued for differential equation y ′ (t) = λy(t). Indeed, the Hyers-Ulam stability has been proved for the first order linear differential equations in more general settings in [7, 12, 13, 23] . While Jung [7] proved a similar result for the differential equation φ(t)x ′ (t) = x. S. M. Jung [6] investigated the Hyers-Ulam stability of a system of first order linear differential equations with constant coefficients by using matrix method. Also, G. Wang, M. Zhou, Li Sun [26] studied the Hyers-Ulam stability of a class of first -order linear differential equations.
After that many authors were proved the Hyers-Ulam stability for some of the second order and nth order linear differential equation in [1, 4, 8-11, 21-23, 27] .
In this paper, we study the Hyers-Ulam-Rassias stability of a homogeneous and non-homogeneous linear differential equation of third order. In the following theorems, we prove the Generalized Hyers-Ulam statbility of the homogeneous third order linear differential equation of the form
and the non-homogeneous linear differential equation
by applying initial conditions
where
Preliminaries
First, we give the definition of the Hyers-Ulam-Rassias stability of a homogeneous linear differential equation (1.7) and the non-homogeneous linear differential equation (1.8) using the initial conditions (1.9). 
Definition 2.2. We say that the homogeneous differential equation (1.7) has the Hyers-Ulam-Rassias (or Generalized Hyers-Ulam) stability property, if there exists θ φ ∈ C(I), such that for each approximate solution x ∈ C 3 (I) such that
for all t ∈ I. Then there exists a solution y 0 (t) ∈ C 3 (I) satisfies the differential equation (1.7) with (2.1)
Definition 2.3. We say that the non-homogeneous differential equation (1.8) has the Hyers-Ulam-Rassias (or Generalized Hyers-Ulam) stability property, if there exists θ φ ∈ C(I), such that for each approximate solution x ∈ C 3 (I) such that
for all t ∈ I. Then there exists a solution y 0 (t) ∈ C 3 (I) satisfies the differential equation (1.8) with
In the course of this work we shall need the following Replacement lemma. 3 , then the differential equation
Lemma 2.1 (Repalcement Lemma). Suppose that the function
with the initial conditions 
([a, b]) has the Hyers-Ulam stability property.

Lemma 2.2 (Gronwall Inequality
for all t > t 0 , then we have
Hyers-Ulam-Rassias Stability
In the following Theorems, we would like to prove the Hyers-Ulam-Rassias stability of the linear differential equation (1.7) and (1.8) with initial conditions (1.9). 
t) + α(t)x(t)| ≤ φ(t),
there exists a solution
is an increasing function and suppose if for θ φ ∈ C(I) and for each approximate solution x ∈ C 3 (I) of (1.7) satisfying
From (3.1) we have that
−φ(t) ≤ x ′′′ (t) + α(t)x(t) ≤ φ(t).
Integrating from a to t, and applying the condition (1.9) we have
Again integrating the equation (3.2) and applying the condition (1.9), we get
On further integration and also applying the condition (1.9) we arrive that, Now applying the Replacement Lemma to (3.4), we obtain
again applying the Repalcement Lemma, we have
Repalce (s + τ ) by ξ, we get
If we choose that y 0 (t) such that it solves the equation (1.7) with the initial conditions (1.9) such that
thus we estimate,
Applying Gronwall inequality, we have
. Hence, we have |x(t) − y 0 (t)| ≤ θ φ (t), where θ φ (t) = 
is an increasing function and suppose if for θ φ ∈ C(I) and for each approximate solution x ∈ C 3 (I) of (1.8) satisfying
From (3.5) we have that −φ(t) ≤ x ′′′ (t) + α(t)x(t) − ψ(t) ≤ φ(t).
Integrating the above from a to t, and applying the condition (1.9) we have
Again integrating the equation (3.6) and applying the condition (1.9), we get
On further integration and also applying the condition (1.9) we arrive that, Now applying the Replacement Lemma to (3.8), we obtain . Hence, we have |x(t) − y 0 (t)| ≤ θ φ (t), where
and hence the proof.
